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Abstract The dynamical integrity of a solution in a
dynamical system reflects its robustness against exter-
nal perturbations, with a larger basin of attraction
indicating greater robustness. However, computing the
entire basin of attraction can be computationally expen-
sive. The local integrity measure offers an efficient
alternative by quantifying the compact region of the
basin of attraction around the steady state of interest.
Recently, a rapid algorithm was introduced to estimate
the dynamical integrity of equilibrium points using the
local integrity measure. This paper extends this method
to estimate the dynamical integrity of stable periodic
orbits in both autonomous and periodically excited
systems. The enhanced algorithm, implemented in the
DynIn MATLAB Toolbox, is evaluated on four engi-
neering systems; specifically, a Duffing–van der Pol
oscillator with an attached tuned mass damper, a pitch-
and-plunge wing profile, a harmonically excited Duff-
ing oscillator, and a passive vertical hopping model.
The results demonstrate that the algorithm is both
rapid and effective, yielding meaningful engineering
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insights and paving the way for incorporating dynam-
ical integrity as a design parameter.
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1 Introduction

One of the major challenges of a nonlinear dynamical
system is that the stability of a steady-state solution
does not guarantee its global stability, as it may have
limited robustness against external perturbations. This
means that while a system in a stable state will return to
its original state after a small perturbation, a sufficiently
large perturbation may cause it to diverge or converge
toward an alternative, typically undesired, solution.The
ability of a steady state to persist under external pertur-
bations is commonly referred to as dynamical integrity
[1,2] or basin stability [3].

This issue arises in many practically relevant sys-
tems. For instance, in wheel shimmy, a wheel in equi-
librium can suddenly diverge towards shimmy oscil-
lations after a perturbation [4,5]. Similarly, even at
flowvelocities considered safe inwingflutter, perturba-
tions due to gusts can trigger stable flutter oscillations
[6,7]. In robot control, limited dynamical integrity of a
desired state may cause the controller to drive the sys-
tem toward an undesired configuration [8]. For floating
bodies, almost any structure subjected to an excessively

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-025-11424-5&domain=pdf
http://orcid.org/0000-0001-7594-1882
http://orcid.org/0000-0003-3323-6901


D. Patkó, G. Habib

large perturbation risk capsizing, a concerning issue for
some types of floating wind turbines [9], for example.
These are just a fewexamples of a broadproblemaffect-
ing very diverse systems, including power grids [10],
epidemiological models [11], and ecological systems
[12], to name a few.

The dynamical integrity of an attractor can be stud-
ied through its basin of attraction (BoA), which is the
set of all initial conditions in the phase space that
asymptotically lead to that attractor. The larger the
basin of attraction, the more robust the steady state.

Several methods exist for computing BoAs. How-
ever, analytical approaches are often difficult or even
infeasible to implement [13,14],while numericalmeth-
ods are computationally expensive [15–17]. Probably
the most efficient approach is the cell-mapping method
[18,19], whose basic idea is to consider the state space
not as a continuumbut as a collection of state cells, with
each cell taken as a state entity. Despite the remark-
able results obtained with this method, it remains com-
putationally prohibitive for high-dimensional systems
(issue mitigated only through heavy parallel computa-
tion [20,21]) and suffers from memory limitations.

An alternative approach to studying the dynamical
integrity of a steady state without explicitly computing
its BoAconsists of performing several simulationswith
random initial conditions and determining the frac-
tion of simulations that lead to the desired solution.
This procedure estimates the so-called basin stability
[3], corresponding to the global integrity measure [22].
However, this measure does not account for the fractal
and intermingled nature of large portions of a system’s
BoA. As a result, a solution may appear robust based
on a high basin stability despite its BoA being largely
fractal and, therefore, unsafe.

A different approach, introduced in [23], does not
attempt to compute the entireBoAbut instead estimates
the local integrity measure (LIM), i.e., a measure [1]
that quantifies the dynamical integrity of a steady state
through a scalar quantity. The LIM is defined as the
radius of the largest hypersphere centered at the steady
state and entirely included within the solution’s BoA;
therefore, it automatically excludes fractal regions and
focuses on the compact and safe portion of the BoA, in
line with the concept of the safe basin [24]. By sacri-
ficing full BoA knowledge, this algorithm significantly
reduces computational costs while delivering a single
scalar value that quantifies the dynamical integrity of
a steady state. Additionally, unlike the integrity fac-

tor [24], the LIM is more manageable to compute,
requiring only a simple distance calculation between
the attractor and the BoA boundaries.

The algorithm proposed in [23], implemented in the
DynIn MATLAB Toolbox, iteratively refines the esti-
mated LIM by restricting the compact portion of the
BoA to the region marked by the current LIM esti-
mate. At each iteration, a new trajectory is simulated;
if the trajectory does not converge to the desired solu-
tion, the LIM is recalculated. The key advantage of
this approach is its speed, making it suitable for para-
metric analyses in design applications. Additionally,
it is compatible with virtually any type of mathemat-
ical model, including ordinary differential equations,
difference equations, and black-box models, as long
as the system has finite dimensions. It also extends
to nonsmooth systems. However, like other dynami-
cal integrity estimation methods, it faces challenges in
high-dimensional systems. In [25], the algorithm was
further extended to time-delay systems.

A significant limitation of the original algorithm
is that it applies only to fixed points or periodic
solutions of periodically excited systems, reduced to
fixed points through Poincaré stroboscopic map. The
present study aims to extend the algorithm to analyze
limit cycles of autonomous systems (whose period is
unknown a priori) and periodic solutions of periodi-
cally excited systems, considering the entire trajectory
rather than just its stroboscopic mapping. These exten-
sions require significant modifications to the algorithm
in [23], as discussed in Sect. 2. The enhanced algo-
rithm, implemented in the DynIn Toolbox, is tested
on four different numerical systems of engineering rel-
evance; namely, a Duffing-van der Pol oscillator with
an attached tuned mass damper, a pitch-and-plunge
wing profile, a harmonically excited Duffing oscilla-
tor, and a passive vertical hopping model. For each
system, the dynamical integrity is analyzed under var-
ious parameter variations, providing insight into how
system parameters affect dynamical integrity.

2 Algorithm

The core of the algorithm used in this study is essen-
tially the same as presented in [23] and available in
the DynIn Toolbox. However, several changes had
to be implemented because of the qualitative differ-
ences between equilibrium points and periodic orbits.
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Dynamical integrity of periodic orbits

The main differences are discussed below. The follow-
ing subsections treat periodic orbits of autonomous and
periodically excited systems separately.

2.1 Local integrity measure for limit cycles

Firstly, the LIM of limit cycles has to be defined; its
original definition, provided in [1], is limited to equi-
librium points, or Poincaré sections of periodic orbits.
It states that the LIM of an equilibrium point is equal to
the radius of the largest hypersphere, which is entirely
included in the BoA of the solution and centred at it,
which we term here hypersphere of convergence. This
definition is extended to periodic orbits, as the radius
of the largest hypersphere that is entirely part of the
BoA and centred at any point of the periodic orbit.
This results in a hypertorus built around the periodic
orbit where convergence is granted. For the numerical
procedure implemented, the calculation of the LIM is
limited to a finite number of points of the periodic orbit.

2.1.1 Identifying limit cycles

The first step of the computation is the identification of
the periodic orbit unless explicitly provided by the user.
This is a relatively straightforward operation since the
solution must be stable; accordingly, it can be obtained
throughdirect numerical simulations of the system.The
algorithm, or optionally the user, defines a Poincaré
section, which is expected to intersect the periodic
orbit. Then, the algorithm initiates a trajectory from
a point presumed to be within the BoA and identifies
the directional crossing points of the trajectory on the
Poincaré section. Each crossing point is compared to
the previous crossing points. If the norm of the distance
of any pair of crossing points is less than an error limit,
the trajectory between these two points is assumed to
be the periodic orbit.

An illustrative example of the periodic orbit identi-
fication is shown in Fig. 1. The directional crossing
points of the trajectory on the Poincaré section are
marked with dots. Since the distance between point VI
and point IV is within the error limit, point VI is iden-
tified as a point of a stable periodic solution. Within
the predefined error limit, the periodic solution is the
trajectory between points IV and VI.

Fig. 1 Visualisation of the periodic orbit identification, where
the sought periodic orbit is the blue curve. The green line is the
projection of the Poincaré section onto the (q1, q2) phase plane,
and the initial condition is denoted by ×. The crossing points of
the trajectory (orange curve) on the Poincaré section are denoted
with dots numbered in Roman numerals

2.2 Local integrity measure for periodic orbits of
periodically excited systems

In the case of periodically excited systems, the exci-
tation phase constitutes an additional dimension that
must be considered. For the LIM definition, the phase
space is divided into infinitely many subspaces, one
for each phase ϑ ∈ [0, T ). Then, for each point of the
periodic orbit, limited to its corresponding subspace,
the radius of the largest hypersphere centred at that
point and entirely included within the BoA is com-
puted. Finally, the LIM is defined as the radius of the
smallest hypersphere. For practical computation, only
a finite number of phases is considered. Also, in this
case, the LIM defines a hypertorus around the periodic
orbit within which convergence is guaranteed.

2.2.1 Identifying periodic orbits of periodically
excited systems

Opposed to limit cycles, the time period of stable peri-
odic solutions of forced systems typically coincides
with the excitation period T and is generally known.
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At a given excitation phase, the trajectory of a stable
periodic orbit behaves as a fixed point. Accordingly,
to identify the periodic solution, it is sufficient to sam-
ple a trajectory on a stroboscopic Poincaré map with
period T and verify that the distance between two sub-
sequent points is smaller than a given tolerance. The
periodic orbit is then given by the portion of the trajec-
tory between these two points. It is important to note
that a periodic orbit does not necessarily exist, as dis-
cussed later in Sect. 4.2.

2.3 Estimating local integrity measure by the DynIn
Toolbox

The DynIn Toolbox exploits an iterative procedure.
For each iteration step, a trajectory is generated, and
its converging properties are evaluated. In the case of
diverging trajectories, theLIM is recomputed (reduced)
as the minimal distance between the trajectory and the
periodic solution. Details of the basic working algo-
rithm are thoroughly explained in [23]. In the follow-
ing sections, the algorithm modified for periodic solu-
tions of autonomous and non-autonomous systems is
discussed in detail.

2.3.1 Estimating LIM of limit cycles of autonomous
systems

The limit cycle is discretized for autonomous systems
into a user-chosen number of points, and the state space
of interest is divided into cells. At first, all cells contain-
ing points of the periodic orbit are marked as ‘converg-
ing’. Meanwhile, the other cells will be later classified
as either ‘converging’ or ‘non-converging’ during the
iterative algorithm (and only if reached by one of the
computed trajectories, as explained below).

Stable steady-state solutions different from the
desired one are identified by examining how often tra-
jectory points fall within the same cell. In particular,
if a trajectory remains in the same cell for a given
number of consecutive sampling intervals, its computa-
tion is interrupted, and its final point is classified as an
equilibrium. Cells through which this trajectory passes
are then marked as ‘non-converging’ (concerning the
desired solution because they lead to another one).Con-
versely, if non-consecutive points of a trajectory repet-
itively pass through the same cell, it is assumed that
the trajectory has reached a periodic orbit (different

from the desired one); also in this case, the cells con-
taining points of the trajectory are classified as ‘non-
converging’. Additionally, if a trajectory leaves the
phase space of interest, it is immediately classified as
‘non-converging’, regardless of whether it would even-
tually have converged to the desired solution. Finally,
if a trajectory reaches any cell that has already been
classified by a previous trajectory, the numerical inte-
gration is interrupted, and the new trajectory is assumed
to share the same convergence property, so all cells it
crosses are classified accordingly. Extensive details of
this classification procedure are available in [23].

The LIM value is updated and decreased if nec-
essary for each non-converging trajectory identified.
A visualization of the LIM calculation is shown in
Fig. 2. In the figure, the orange line represents a non-
converging trajectory leading to the trivial equilibrium.
For each analysed point of the periodic orbit, the radius
of the hypersphere is computed as the smallest distance
between that point and the sampling points of the non-
converging trajectory. The smallest calculated radius is
then used as the new LIM, which is then reduced itera-
tively. Defining the distance is not trivial, as the phase
space is generally anisotropic; this issue is addressed
by applying appropriate weights for each direction in
the phase space, as explained in [23]. The newly com-
puted LIM value is compared to the last recorded one
at each iterative step, and the smallest is retained.

Initial conditions (ICs) of each trajectory are chosen
by using either technique described in [23] – where the
ICs are chosen as the estimated farthest point from any
other investigated point in the phase space – or through
a bisection method as detailed in [25], which aims to
initiate trajectories from the boundary of the BoA. The
former method provides a more homogeneous phase
space analysis, increasing the probability that all exist-
ing stable solutions are identified. Conversely, while
the latter method is generally faster and more precise,
it might overlook some dynamical phenomena of the
system. In any case, the ICs are chosen within the esti-
mated hypertorus defined by the LIM or in its vicinity
since only trajectories that reduce the LIM are effec-
tively relevant for its accurate estimation.

2.3.2 Estimating LIM of limit cycles of periodically
excited systems

Asmentioned above, in the case of periodically excited
systems, the phase space is divided into a finite number
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Fig. 2 Visualisation of the projection of estimated hyperspheres
(dashed circles) onto (q1, q̇1) plane for each discretized point of
the periodic orbit (blue curve). Orange dots denote the sampling
points of the non-converging trajectory. The radius of the red
circle around the red point of the limit cycle defines the LIM

NT of subspaces; each trajectory sequentially crosses
all subspaces once per excitation period. Each subspace
is further divided into the same number of cells, and
all cells containing points of the periodic solution at
the respective phases are marked as ‘converging’. The
sampling time of each trajectory is automatically set to
T/NT to align with the phase subspaces.

Other stable solutions are identified by tracking cell
repetitions, similarly to the case of autonomous sys-
tems, as explained in Sect. 2.3.1. However, in this case,
a different set of cells is related to each phase. Because
of the periodic excitation, periodic solutions of period
T are reduced to a finite number of fixed points in
each subspace, typically a single point unless period-
doublingphenomenaoccur; quasiperiodic solutions, on
the other hand, appear as closed curves in each sub-
space. Excluding trivial cases, the system cannot have
equilibrium points. Accordingly, if a trajectory remains
within the same cell (of the same subspace) for a num-
ber of consecutive time periods, it is assumed to have
reached a periodic orbit. Conversely, suppose non-con-
secutive points of a trajectory pass through the same
cell a given number of times. In that case, the trajec-
tory is assumed to have reached a steady-state solution,
which may be either periodic after period doubling,
quasiperiodic, or chaotic. Although a detailed trajec-
tory analysis could reveal its nature, this distinction is
unnecessary for the objectives of the algorithm; thus,
these types of solutions are not differentiated. All cells
containing points of these trajectories are labelled as

‘non-converging’. If a trajectory leaves the phase space
of interest in any of the phases, the simulation is inter-
rupted, and the cells containing its points are marked
as ‘non-converging’. It is worth noting that cells at the
same position but related to different subspaces may
have different converging properties. Finally, suppose
a trajectory reaches an already labelled cell. In that case,
the simulation is terminated, and the cells containing
its points are labelled as either ‘converging’ or ‘non-
converging’ according to the convergence properties
of the reached cell.

For each non-converging trajectory, the LIM value
is recalculated as the minimal distance between the
desired solution and the non-converging trajectory
computed in each subspace. The LIM value is updated
only if it is smaller than the previously recorded value.

3 Case studies for autonomous systems

Regarding autonomous systems, the algorithm is tested
on two case studies: a Duffing-van der Pol oscillator
with a tuned mass damper and a flutter-based energy
harvesting wing profile. The results for each example
are validated through bifurcation diagrams.

3.1 Duffing-van der Pol oscillator with tuned mass
damper

The first system analysed in this study is the Duffing-
van der Pol oscillator with an attached tuned mass
damper (TMD) [26,27]. The equations of motion are
given as follows:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẍ1 − 2 (μ1 ẋ1 − γμ2r ẋ2) + x1 + γ 2r x2
+αx31 + 2μ1x21 ẋ1 = 0,

ẍ2 − 2 (μ1 ẋ1 − γμ2(1 + r)ẋ2) + x1
+γ 2(1 + r) x2 + αx31 + 2μ1x21 ẋ1 = 0,

(1)

where α represents the cubic stiffness, μ1 indicates the
negative damping ratio of the primary system, μ2 is
the damping ratio of the TMD, while r and γ denote
the mass and natural frequency ratios between the pri-
mary system and the TMD, respectively. The gener-
alised coordinates consist of the displacements of the
primary system (x1) and TMD (x2). The parameter set
utilised for the calculations is presented in Table 1.
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Fig. 3 Output forDuffing-van der Pol oscillatorwith an attached
tuned mass damper. Solid black curve: examined periodic orbit;
red triangles: discretised points of the periodic orbit; grey area:
projection of the hypertorus on the phase plane’s section (x1, ẋ1);
green dots: sampling points of converging trajectories, orange
dots: sampling points of non-converging trajectories; blue dot:
other attractor found by the algorithm

The negative damping ratio of the primary system, μ1,
serves as the bifurcation parameter; therefore, it is not
included in the table. For further information regard-
ing the physical relevance of themodel and the adopted
nomenclature, interested readers are referred to [27].

The output of the DynIn Toolbox, based on the
parameter set provided in Table 1 with μ1 = 0.075, is
depicted in Fig. 3. The stable periodic orbit was discre-
tised into 20 points. Around each point, the projection
of the hyperspheres, eachwith a radius equal to the esti-
mated LIMvalue of the periodic orbit, is represented by
red circles. By translating these hyperspheres along the
periodic orbit, we obtain a hypertorus that describes a
compact area of the BoA for the solution, as illustrated
by the transparent grey area. As shown, the algorithm
successfully identified the stable trivial solution of the
system, denoted by the blue dot. Moreover, green and
orange points in Fig. 3 mark sampling points of con-
verging and non-converging trajectories, respectively.

Let us investigate the system’s dynamics as we vary
μ1. According to the bifurcation diagram in Fig. 4a,
obtained by combining a shooting technique with a
pseudo-arclength continuation, the trivial solution is
globally stable for μ1 < 0.0619. At μ1 = 0.0619, a
fold bifurcation occurs, leading to the coexistence of a
stable limit cycle with the stable trivial equilibrium for
μ1 ∈ (0.0619, 0.1005), separated by an unstable limit

cycle. At μ1 = 0.1005, the trivial solution becomes
unstable due to a subcritical Andronov-Hopf bifurca-
tion, marking the end of the bistable region.

In general, trajectories converge toward the trivial
equilibrium when moving inward from the unstable
limit cycle and toward the stable limit cycle whenmov-
ing outward. However, the four-dimensional nature of
the system adds complexity to its topology. As the
amplitude difference between the stable and unstable
limit cycles increases after the fold bifurcation, we
anticipate that the LIM of the stable limit cycle will
also rise in response to this increasing distance. Addi-
tionally, based on the bifurcation diagram in Fig. 4a,
from a mathematical standpoint, when the trivial solu-
tion is unstable, the LIM should have shown a gradual
variation, since the origin becomes an isolated point
external to the BoA of the limit cycle within the phase
space. However, the algorithm does not account for
this singular point, as it requires the system to begin
precisely at the origin to be identified. Therefore, we
expect not only gradual variation at theAndronov-Hopf
bifurcation, but a sudden positive jump in the LIM
value. Moreover, from an engineering perspective, the
existence of this isolated point is inconsequential to the
dynamical integrity of the limit cycle since the probabi-
lity of trajectories being precisely at the origin is zero.
Consequently, isolated pointswill be excluded from the
dynamical integrity analysis in this study.

The LIM value was computed over a range of neg-
ative damping ratio values (μ1) to verify whether its
variation aligns with the trend of the amplitude of the
unstable limit cycle, as previously discussed. Assum-
ing that the dynamics of the system is not influenced
by phenomena not represented in the bifurcation dia-
gram, and presuming that the basins of attraction have
regular shapes around the solutions, it is expected that
the trend of the LIM is closely related (though not nec-
essarily equal) to the distance between the stable and
unstable limit cycles. Therefore, this analysis may val-
idate the effectiveness of the algorithm.

The input values utilised in the DynIn Toolbox are
presented in Table 2. The meaning of each parameter
is provided below:

– number_of_steps: this determines the number
of iteration steps corresponding to the number of
separate simulations the algorithm will perform.

– spaceboundary: this parametermarks thedimen-
sion of the phase space of interest.
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Table 1 Dimensionless
parameter values of the
Duffing-Van der Pol
oscillator with an attached
tuned mass damper

r γ μ2 α

0.05 0.97 0.12 0.3

Fig. 4 Results of the parameter continuation for theDuffing-Van
der Pol oscillator with an attached tunedmass damper; parameter
values are as in Table 1

– discr: the phase space is divided into a number of
cells in each direction based on the value of discr.

– NT: this indicates the number of points (NT) at
which the limit cycle is discretised. The LIM of the
solution is assessed through the dynamical integrity
of these fixed points, as illustrated in Fig. 2.

– tfinal: this parameter specifies the available
time for each simulation. If a trajectory does not
reach any attractor within this time frame (or if the
algorithm fails to classify it), either the user has
to manually indicate whether the trajectory is con-

verging to the desired solution, or the algorithm
may automatically classify it as non-converging,
based on additional settings in the DynIn Tool-
box.

– rep_fix_point determines theminimum num-
ber of consecutive points a trajectory must occupy
in the same cell for the algorithm to assume it has
reached a previously unknown fixed point.

– rep_periodic: this specifies the number of
times a trajectory must pass through the same cell
(but not consecutively) for the algorithm to con-
clude that it has reached a previously unknownperi-
odic solution.

For each subsequent value of μ1, a point from the
previous limit cycle was used to identify the next one,
except for the initial μ1. The algorithm described in
Section 2.1.1 was implemented to identify the limit
cycles accurately.

The trend of the LIM as a function of the parameter
μ1 is illustrated in Fig. 4b. The stable limit cycle ceases
to exist due to a fold bifurcation for μ1 < 0.0619,
rendering any analysis in that parameter range irrele-
vant. As shown in Fig. 4b, the LIM is practically zero
(approximately 0.07) at μ1 = 0.062. As μ1 increases,
the LIM rises until approximately μ1 = 0.1. At this
point, it experiences a sudden jump upward, corre-
sponding with the Andronov-Hopf bifurcation of the
trivial solution, at which the periodic solution becomes
globally stable. Given that the robustness of the stable
limit cycle is constrained by the unstable limit cycle,
the observed increase in the LIM, as depicted in Fig. 4b,
aligns with expectations. Despite the global stability of
the limit cycle for μ1 > 0.1005, the estimated LIM
remains finite due to the bounded nature of the consid-
ered portion of the phase space. It is important to note
that near the Andronov-Hopf bifurcation, the BoA of
the trivial equilibrium is already quite small, causing
the algorithm to miss its identification. Consequently,
the jump in the LIM value occurs slightly before the
bifurcation, specifically at μ1 = 0.1, though the equi-
librium loses stability for μ1 > 0.1005. This issue
could be addressed by appropriately tuning the param-
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Table 2 Parameter values
of the DynIn Toolbox used
for the Duffing-Van der Pol
oscillator with an attached
TMD

Input Description Value

number_of_steps No. of iteration steps 1000

spaceboundary Boundary of interest x1 ∈ [−4, 4]
x2 ∈ [−4, 4]
ẋ1 ∈ [−4, 4]
ẋ2 ∈ [−4, 4]

discr No. of cells of 701

the phase space in

each direction

NT No. of discretized points 20

of the limit cycle (NT)

tfinal max. time units of 2000

each simulation

rep_fix_point No. of repetition in 400

a cell before a new

fixed point is defined

rep_periodic No. of repetition in 100

a cell before a new

periodic sol. is defined

eters of the algorithm; however, from a practical stand-
point, the problem is considered minor in this case.

3.2 Flutter-based energy harvesting wing profile

The second model is a flutter-based energy harvesting
wing profile [28–31]. Themechanicalmodel of the sys-
tem is illustrated in Fig. 5. The planar wing model has
two degrees of freedom (DoF), allowing for both pitch-
ing (α) and plunging (h) motions [31–34]. The pitching
angle is defined as the angle between the line that con-
nects the aerodynamic (AC), elastic (EC) and gravity
(GC) centre of the wing profile and the horizontal axis.
The distance between the AC and GC is denoted as e.
The plunge motion refers to the heave of the EC. The
semi-chord of the wing profile is denoted by b, and
its lifting surface is represented by S. The mass, static
moment, and moment of inertia of the wing are rep-
resented by M , Sα and Iα , respectively. The airfoil is
suspended using a linear longitudinal spring, a nonlin-
ear torsional spring, and both torsional and longitudinal
dampers, which serve as power take-off devices. The
stiffness of the linear longitudinal spring is denoted as

Fig. 5 Mechanical model of the wing profile

kh , while the stiffness of the nonlinear torsional spring
exhibits first, third, and fifth-degree dependencies on
the pitch, represented by stiffness coefficients kα , kα3,
and kα5. The longitudinal and torsional damping ratios
are represented by ch and cα , respectively. The fluid
density around the wing is symbolised as ρ, and the lift
coefficient slope at zero angle of attack is denoted by
dCl . The aerodynamic moment is Ma , and the lift force
at the AC is represented by L .

If exposed to sufficiently fast airflow U , the profile
may experience self-excited flutter oscillations. While
this oscillatory motion is typically undesirable for air-
craft wings, bridges, and other structures not meant
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to oscillate, it is a desired motion for energy harvest-
ing applications [30]. The dynamics of the system is
governed by the following dimensionless equations of
motion [31]:

⎧
⎪⎨

⎪⎩

ÿ + xαα̈ + (ζh + βu)ẏ + �2y + βu2α = 0,

xα ÿ + r2αα̈ − νu ẏ + ζαα̇ + (r2α − νu2)α

+ξα3α
3 + ξα5α

5 = 0,

(2)

where y = h/b represents the dimensionless plunge
of the EC. The dimensionless inertia coefficients of the
wing are xα = Sα/ (Mb) and rα =

√

Iα/
(
Mb2

)
. The

dimensionless airflow velocity is u = U
√
Iα/

(
b
√
kα

)
,

and the frequency ratio is givenby� = √
kh Iα/ (Mkα).

Thedimensionless aerodynamicparameters are defined
as ν = ρSedCl/ (2M) and β = ρSbdCl/ (2M),
while the dimensionless damping ratios are repre-
sented by ζα = cα

√
Iα/

(
Mb2

√
kα

)
and ζh =

ch
√
Iα/

(
M

√
kα

)
, relating to pitch and plungemotions,

respectively. Lastly, the dimensionless nonlinear tor-
sional stiffnesses are given by ξα3 = kα3 Iα/

(
Mb2kα

)

and ξα5 = kα5 Iα/
(
Mb2kα

)
. For further details about

the model and its parameters, please refer to [34].
The adopted parameter values are presented in Table

3. The parameters varied in this analysis are the dimen-
sionless airflow u and the cubic stiffness ξα3, which are
thus omitted from the table.We note that these parame-
ter values do not represent any specific system; instead,
they have been chosen to yield dynamical phenomena
that are interesting for the analysis.

Figure 6a illustrates the bifurcation diagram with
the dimensionless airflow u as the bifurcation param-
eter, while ξα3 = −1. Similarly to the previous sys-
tem, there is a range of parameters, u ∈ [0.911, 0.933],
where two attractors coexist, separated by an unstable
limit cycle. The trivial equilibrium loses its stability
around u = 0.933 due to an Andronov-Hopf bifur-
cation. Moreover, the branch of stable periodic solu-
tions merges with the branch of unstable limit cycles
at u = 0.911 through a fold bifurcation. Since the sta-
ble limit cycle and the trivial equilibrium are separated
by the unstable limit cycle, the BoA of the stable limit
cycle is expected to increase as the distance between
the two limit cycles grows. Suppose the shape of the
BoA is regular, and there are no other solutions besides
the ones in the bifurcation diagram in Fig. 6a,we expect
that the trend of the LIM is related to the distance of
the limit cycles. Given the similarities in the bifurca-

Fig. 6 Results of the parameter continuation for the flutter-based
energy harvester wing profile

tion diagram with the system studied in the previous
section, we anticipate that the LIM value for the limit
cycle will be zero at the fold bifurcation. It is expected
to steadily increase until the Andronov-Hopf bifurca-
tion, where it will jump to a higher value as the limit
cycle becomes globally stable. However, the presence
of other attractors that are not accounted for in the bifur-
cation analysis could alter this scenario.

The DynIn Toolbox’s parameter values used for
this computation are outlined in Table 4, with their
meanings explained in Sect. 3.1. The results of the anal-
ysis for u ∈ [0.9112, 0.9398] and ξα3 = −1, as shown
in Fig. 6b, confirm our expectations discussed in the
paragraph above. At u = 0.9112, near the fold bifurca-
tion, the LIM value is nearly zero, 0.0087. As the value
of u increases, the LIM value also increases. When
reaching the Andronov-Hopf bifurcation at u = 0.933,
the slope of the curve becomes noticeably steeper, but a
sharp jump in theLIMvalue occurs only at u = 0.9345.
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Table 3 Dimensionless
parameter values used for
the wing profile

xα rα β ν � ζα ζh ξα5

0.2 0.5 0.2 0.08 0.5 0.01 0.01 20

Table 4 Parameter values
of the DynIn Toolbox used
for the flutter-based energy
harvester wing profile

Input Description Value

number_of_steps No. of iteration steps 1000

spaceboundary Boundary of interest y ∈ [−1, 1]
α ∈ [−4, 4]
ẏ ∈ [−1, 1]
α̇ ∈ [−4, 4]

discr No. of cells of 1501

the phase space in

each direction

NT No. of Poincaré 20

sections per period (NT)

tfinal Max. time units of 5000

each simulation

TS Sampling time 2

rep_fix_point No. of repetition in 1000

a cell before a new

fixed point is defined

rep_periodic No. of repetition in 300

a cell before a new

periodic sol. is defined

The discrepancy between the location of the jump in
LIM value and of the Andronov-Hopf bifurcation is
associated with the extremely slow dynamics experi-
enced very close to the Andronov-Hopf bifurcation,
where the trivial solution is almost a centre. This slow
dynamics can confuse the algorithm, making it unable
to distinguish between trajectories converging to or
diverging from the origin. Trajectories that spiral very
slowly can mistakenly cause the algorithm to identify
nonexistent periodic solutions orfixedpoints.Although
appropriate parameter tuning can help mitigate this
issue, as discussed below, it significantly increases
computational time. This scenario is challenging to
manage even with more sophisticated numerical meth-
ods, such as the cell-mapping method [35,36].

Several parameter values were modified compared
to the previous example, to avoid misidentifying
equilibrium points or periodic orbits. Specifically,

the discr parameter was increased to reduce the
cell dimension, TS was raised to increase the sam-
pling time between points on a trajectory, and finally
rep_fix_point and rep_periodicwere increased to
require a larger number of repetitions to mark a point
or a set of points as an equilibrium or periodic orbit,
respectively. Since these modifications typically lead
to increased computational time, they should only be
adjusted as much as necessary. As of now, no specific
strategy has been established for optimally tuning these
parameters; it largely depends on the user’s experience
and some carefully chosen default values.

The dynamical integrity of the limit cycle was also
analysed concerning the dimensionless cubic stiffness
ξα3. The results are presented in Fig. 7. The stability
of the linearised system around the trivial equilibrium
point does not depend on the coefficients of higher-
order terms; therefore, the location of the Andronov-
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Fig. 7 Results for the two-dimensional parameter mapping in
(u, ξα3) space of the LIM for the wing profile

Hopf bifurcation remains independent of ξα3. This
observation is supported by the noticeable jump in the
LIM value shown in Fig. 7, which occurs at approxi-
mately the same airflow u for all values of ξα3. There-
fore, according to Fig. 7 and our observations about
the attractors of the system, we conclude that the stable
limit cycle becomes globally stable at the same air-
flow, regardless of the cubic stiffness. However, the
parameter region in which the stable limit cycle exists
is strongly related to higher-order nonlinear terms
through the location of the fold bifurcation. Accord-
ing to the bifurcation diagram in Fig. 6a, this occurs
around u = 0.911 for ξα3 = −1, and varies with ξα3,
as illustrated in Fig. 7. From Fig. 7, we can see that
greater negative values of ξα3 shift the fold bifurcation
to lower airflows. Additionally, the analysis shows that
as ξα3 decreases, the LIM value, representing dynam-
ical integrity, increases. Therefore, both the bistable
intervallum and the dynamical integrity increase as the
absolute value of the negative ξα3 increases. Nonethe-
less, the overall bifurcation scenario remains qualita-
tively unchanged despite variations in ξα3.

4 Case studies for periodically excited systems

The algorithm has been tested on two case studies
involving harmonically excited systems. The first case
study examines a Duffing oscillator, and the second
regards a nonsmooth system that simulates vertical
hopping motion, where the harmonically oscillating
ground compensates the lost energy caused by inelastic
impacts. For the Duffing oscillator, the results are vali-
dated by reformulating the problem as an autonomous
system. This is achieved by treating time t as a state

Fig. 8 Stable periodic orbits of the excited Duffing oscillator for
parameters introduced in Table 5

variable. The LIM value is then calculated using the
algorithm designed for autonomous systems, as dis-
cussed in Sect. 3.

4.1 Harmonically excited Duffing oscillator

We examine a harmonically excited Duffing oscillator
with negative linear and positive cubic stiffness, result-
ing in a classical double potential well system. The
dynamics of the system is described by the following
equation of motion:

ẍ + 2ζ ẋ − ax + bx3 = γ cos(ωt), (3)

where ζ represents the damping ratio, while a and
b denote the linear and cubic stiffness coefficients,
respectively. Additionally, γ and ω correspond to the
amplitude and frequency of the external excitation. The
parameter values employed in this analysis are sum-
marized in Table 5. Under these conditions, the system
exhibits four stable periodic solutions, which are illus-
trated in Fig. 8.

The parameter values listed in Table 6 were utilised
for the dynamical integrity analysis. We acknowledge
that we did not investigate the potential existence of
other solutions outside the phase space area defined by
the spaceboundary values. However, we do not expect
that other solutions exist for the specified parameter
values. The dynamical integrity analysis is performed
on the attractors shown on the right side of Fig. 8. The
symmetry of the system allows us to extend the results
to the attractors on the left-hand side of the potential
well. Since themodule for periodically excited periodic
orbits is employed, the NT input in Table 6 specifies the
number of discretised excitation phases. The dynami-
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Table 5 Parameters of the
excited Duffing oscillator

ζ a b γ ω

0.15 1 1 0.2 0.95

Table 6 Parameter values
of the DynIn Toolbox used
for the harmonically excited
Duffing oscillator

Input Description Value

number_of_steps No. of iteration steps 200

spaceboundary Boundary of interest x ∈ [−3, 2]
ẋ ∈ [−2, 3]

discr No. of cells of 701

the phase space in

each direction

tfinal Max. time units of 2000

each simulation

NT No. discretized 20

excitation phases (NT)

cal integrity of the fixed points of the periodic orbit is
examined as discussed in Sect. 2.3.2.

The system was analysed over the ω ∈ [0.2, 2]
parameter range. Due to the nonlinearity of the sys-
tem, solutions within this frequency range were identi-
fied using a sweep-up and a sweep-down approach for
the excitation frequency [37–39]. The in-well dynam-
ics exhibits a softening behaviour [40], as seen in the
frequency response diagram in Fig. 9, where �x is
the peak-to-peak distance of the oscillations. Superhar-
monic resonance peaks are observed in the frequency
response diagram around ω = 0.69 and ω = 0.44,
which correspond to approximately half and a third of
the natural frequency ωn at the non-trivial steady-state
solution of the linearized system, respectively. Thenon-
excited equation of motion has three steady-state solu-
tions: x1 = 0 and x2,3 = ±√

a/b. The linearized form
of (3), centered around x2 = √

a/b is:

ẍ + 2ζ ẋ + 2ax − 2a
√
a/b = γ cos(ωt). (4)

By substituting the value of a from Table 5, the natural
frequency of the linear system is calculated as ωn =√
2a = √

2.
Based on the diagrams in Figs. 8 and 9, for ω ∈

[0.873, 1.102], the systemhas four stable periodic solu-
tions. Among these, the two pairs of stable periodic
solutions are symmetric. At the first fold bifurcation,

Fig. 9 Frequency response of the Duffing oscillator. A blue tri-
angle denotes the first fold bifurcation, while an orange circle
denotes the second. Stable and unstable branches are represented
by solid and dashed lines, respectively

denoted as a blue triangle in Fig. 9, approximately at
ω = 1.102, the inner orbits cease to exist. The second
fold bifurcation, represented as an orange circle, occurs
around ω = 0.873. Only the lower amplitude orbits
exist for frequencies where ω < 0.873. For the param-
eter values investigated, no stable inter-well solution
was identified within the boundary of interest.

The dynamical integrity was analysed through both
sweep-up and sweep-down over the frequency range of
ω ∈ [0.2, 2]with�ω = 0.025 increments. However, it
is important to note that the LIM estimation algorithm
does not utilize the continuation, except to identify the
periodic orbit. The results are presented in Fig. 10.
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Fig. 10 Estimated LIM of the forced Duffing oscillator acquired
from the sweep-up and sweep-down processes, indicated by blue
triangles and orange circles, respectively

During the sweep-up, indicated by blue triangles, the
DynIn Toolbox followed the inner right periodic solu-
tion. The LIM began to decrease steeply at ω = 0.95
as the amplitude of the periodic orbit rapidly increased,
as shown in Fig. 9. At ω = 1.1, a cusp is observed in
the LIM curve due to the disappearance of the inner
solution, which prompts the algorithm to examine the
LIM of the outer solution, which becomes the only sta-
ble solution in the right potential well. As ω continues
to increase, the LIM value rises because the amplitude
of the periodic solution diminishes, as shown in Fig. 9,
requiring larger perturbations to diverge toward the left
potential well.

During the sweep-down (Fig. 10), the LIM value
decreases with the decreasing frequency, closely fol-
lowing the path established by the blue triangles during
the sweep-up process. The differences between the two
curves are solely due to the numerical approximations
of the algorithm.TheDynInToolboxmanaged to track
the outer orbit until ω = 0.875, at which point the LIM
approached nearly zero as the algorithm neared the fold
bifurcation denoted by an orange circle in Fig. 9. As
the frequency decreases further, the LIM value experi-
ences a sudden positive jump as the algorithm identifies
the inner periodic solution, which becomes the only in-
well solution in the right potential well. For lower val-
ues of ω, variations in the LIM are minimal, reflecting
the marginal changes in the amplitude of the periodic
solution.

The determined LIM estimates are validated by cal-
culating the actual BoA of the system at three ω values
describing the three qualitatively different behaviors of
the system. The BoA is determined in five equidistant
phases, as shown in Fig. 11. The BoA of the small and
big amplitude solutions in the left potential well are

denoted by orange and yellow colours, whereas those
of the small and big amplitude solutions of the right
potential well are marked by blue and green colours,
respectively. Atω = 0.7, only the two small-amplitude
periodic orbits exist. In the related Fig. 11a, the exam-
ined rightmost periodic orbit is shown. The sections of
the hypertorus, with radius determined by the DynIn
Toolbox, are denoted by red circles. The smaller LIM
value is used as the radius since both at sweep up and
down the same periodic orbit was examined, and the
DynInToolbox offers an upper estimate of the dynam-
ical robustness. As shown, the hypertorus grazes the
BoA borders, which confirms the accuracy of the esti-
mation algorithm.

At ω = 1, all four periodic orbits shown in Fig. 8
exist. Therefore, two examined hypertories are shown
in Fig. 11b : one related to the large amplitude solution
(the periodic orbit is referred to by a dashed black line)
and one to the small amplitude one (a solid black line).
Both hypertories graze their respectiveBoA,which val-
idates the algorithm also in this case. We note that the
LIM of the large amplitude solution is very small, mak-
ing the sections of the relative hypertorus not easily
recognizable.

In Fig. 11c, for ω = 1.3, only the two large ampli-
tude orbits exist. The rightmost periodic orbit is refer-
enced by a dashed line. Here, just as with the previ-
ous ones, the hypertorus grazes the border of the BoA.
Therefore, we assume that the LIM values are correct
also for all other ω values, since the shapes of the BoA
are regular and the behavior of the system qualitatively
falls under one of the three examples.

4.1.1 Autonomous form of the harmonically excited
Duffing oscillator

To verify the results of the dynamical integrity analysis
presented in Sect. 4.1, we reformulated the harmon-
ically excited Duffing oscillator into an autonomous
form by incorporating time t as one of the state vari-
ables. The equation of motion for the system in the
extended state space is given by:

{
x ′′ + 2ζ x ′ − ax + bx3 = γ cos(ωt),

t ′ = 1.
(5)

Since all state variables z = [x, x ′, t]T have to be peri-
odic for the DynIn Toolbox to function appropriately,
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Fig. 11 Comparision of the actualBoAswith theLIMcalculated
by the DynIn Toolbox for the system in Eq. (3). The periodic
orbits are denoted by black lines, the sections of the hypertories
are denoted by red circles

we map time such that t �→ t0 when t = t0 + T ,
where T is the period and t0 is chosen arbitrarily. This
transformation results in a nonsmooth system, with the
event defined as h(z) = 0 and the corresponding map-
ping defined by g(zin) �→ zout. The event function is
given as:

h(t) = t − t0 − T, (6)

Fig. 12 Estimated LIM of the autonomous Duffing oscillator
acquired by sweep-up and sweep-down denoted by blue triangles
and orange circles, respectively

furthermore, the mapping function is expressed as:

g(x, x ′, t) = [x, x ′, t0]T. (7)

The event function was detected using the event han-
dler of the built-in differential equation solver ode45
in MATLAB. The extension of the state space does
not affect the behaviour of the system discussed in
Sect. 4.1. The systemwas analysed using the algorithm
described in Sect. 2.3.1.

The dynamical integrity analysis was conducted
using sweep-up and sweep-down methods within the
parameter rangeω ∈ [0.2, 2]. The results are illustrated
in Fig. 12. For both the sweep-up and down processes,
the DynIn module for autonomous systems provided
estimations for the LIMvalues thatwere approximately
identical to those obtained in Sect. 4.1. Furthermore,
the algorithm successfully switched between the two
periodic orbits at the same ω values as when the sys-
tem was treated as non-autonomous. In conclusion, the
results realised in Sect. 4.1 are presumed to be correct.
Moreover, this analysis proved that the module of the
DynIn Toolbox designed for limit cycles is able to
handle nonsmooth systems.

4.2 Vertical hopping model

A two-degrees-of-freedom vertical hopping system is
analysed [41,42]. The model consists of an upper and a
lower body (two lumpedmasses) connectedby a spring,
hopping on a moving ground, as illustrated in Fig. 13.
During the hopping motion, the system loses energy
upon touchdown due to the assumption of a perfectly
inelastic impact. This lost energy is restored by the har-
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Fig. 13 Mechanical model of vertical hopping on harmonically
oscillating ground

monically oscillating ground, allowing for stable peri-
odic motions of the system. This setup is analogous
to the one introduced in [41]. The nonsmooth nature of
the system results in two distinct phases that govern the
motion: the flight and stance phases. During the flight
phase,when themodel is not in contactwith the ground,
it is influenced only by the elastic force between the two
masses and the gravitational force. The dimensionless
equations of motion for the flight phase are given by

{
z′′1 − z2 + z1 + 1 + γ = 0,

z′′2 + M(z2 − z1 − 1) + γ = 0,
(8)

where the prime (′) denotes differentiation with respect
to the dimensionless time τ = t

√
k/m1, with m1 as

the mass of the lower body and k as the spring stiff-
ness. The state variables z1 = q1/d0 and z2 = q2/d0
represent the dimensionless elevation of the lower and
uppermasses, respectively, normalised by the unloaded
spring length d0. The mass ratio between the bodies is
represented by M = m1/m2, and γ = gm1/(d0k) is
the dimensionless gravity coefficient. The event func-
tion hF2S = 0 represents the transition from the flight
to the stance (F2S) phase, occurring when the lower
mass contacts the oscillating ground. It is expressed as

hF2S = z1 − zgr, (9)

where zgr denotes the harmonic motion of the ground,
represented by

zgr = ρ sin(2πφτ), (10)

with ρ = r/d0 being the normalised amplitude of gro-
und oscillations; the normalised frequency of ground
oscillations is given by φ = f

√
m1/k, where f is

the dimensional frequency of ground excitation. After
the touchdown, the lower mass moves with the ground
until take-off. The mapping function of the state z =
[z1, z2, z′1, z′2] at the F2S event is defined as

gF2S = [z1, z2, z′gr, z′2]T. (11)

Therefore, the system has C0 continuity at the F2S
phase transition.

In the stance phase, the governing equations of
motion are given by

{
z′′1 + (2πφ)2zgr = 0,

z′′2 + M(z2 − z1 − 1) + γ = 0.
(12)

The transition from stance to flight (S2F) occurs when
the ground reaction force becomes zero. The corre-
sponding event function hS2F = 0 at take-off is defined
as

hS2F = z1 + 1 + γ − (2πφ)2zgr − z2. (13)

At take-off, the mapping function of the state is the
identity

gS2F = [z1, z2, z′1, z′2]T, (14)

since the non-smoothness only affects accelerations.
We encourage interested readers to refer to the original
model and equations in [41] for further details.

During the dynamical integrity analysis, we focused
on periodic orbits with periods of T̃ = 1/φ. Impacts
between the two masses were considered an unaccept-
able condition. Therefore, a trajectory that included
an impact between the masses was deemed non-
convergent. This assumption reflects a common prac-
tical condition where, despite having only one stable
solution, certain transient conditions are unacceptable
and effectively limit the dynamical integrity of that sta-
ble solution. We note that simulations do not terminate
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Fig. 14 Results for the vertical hopping model. The main fig-
ure shows the estimated LIM value for period T̃ orbits. The
cross-sections illustrate points of stable periodic motions at the
Poincaré section τ = κ/φ, where κ ∈ N; in the cross-sections,

single points (black dots) correspond to a period T̃ orbit, two
or more points indicate either periodic solutions with higher
period (blue dots), quasiperiodic (green dots), or chaotic solu-
tions (orange dots)

Table 7 Parameter values of the vertical hopping model

M γ

1 0.08

upon collision; collisions are identified in subsequent
analysis.

The parameter values used in the analysis are pre-
sented in Table 7. The dynamical integrity analysis was
conducted for variations in the excitation frequency φ

and amplitude ρ, which is why these parameters are
not included in the table.

The parameter values of theDynInToolbox are dis-
played in Table 8. Since the oscillating floor constrains
the phase space of physically feasible initial conditions,
if the algorithm selects an IC that would place the lower
mass below the current ground level, the initial condi-
tion z0 will be adjusted according to (11).

The LIM values in the (ρ, φ) plane are illustrated in
Fig. 14 along with frequency responses for various sec-
tions ofρ andφ. Stable orbitswith period T̃ existwithin

two contiguous areas that resemble Arnold tongues in
the LIM value diagram; we call these areas ‘period-
1 regions’. To distinguish between the two areas, one
is referred to as region A, the other as region B, as
indicated in the figure. The regions containing single
period T̃ orbits (denoted by black dots on the frequency
response diagrams) are separated by period-doubling
domains (referenced by blue dots) alongside both exci-
tation amplitudes and frequencies. For the low excita-
tion amplitude oscillations, like the ones within region
A, the lower mass mainly moves with the ground, as
shown in Fig. 15, only slightly separating from it for a
short time each period. The maximum deviation from
the ground in the presented case is about 1% of the
excitation amplitude. In contrast, for high excitation
amplitudes in region B, the oscillations of both masses
become significantly greater than those observed at
lower excitation amplitudes in region A. In Fig. 16,
the lower mass deviates from the ground by a mag-
nitude of approximately 75% of the excitation ampli-
tude, resulting in the airborne phase comprising three-
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Table 8 Parameter values
of the DynIn Toolbox used
for the vertical hopping
model

Input Description Value

number_of_steps No. of iteration steps 500

spaceboundary Boundary of interest z1 ∈ [−2, 5]
z2 ∈ [−2, 5]
z′1 ∈ [−5, 5]
z′2 ∈ [−5, 5]

discr No. of cells of 701

the phase space in

each direction

tfinal Max. time units of 2000

each simulation

NT No. discretized 20

excitation phases (NT)

Fig. 15 A hopping period for ρ = 0.21 and φ = 0.206. The
lower mass has only a minimal detachment from the ground,
visible in the inset

quarters of the period. In the case of period doubling
motions, the lower mass mainly moves with the ground
in one period and has great oscillations in the consecu-
tive one (the corresponding figure is omitted, as period
doubling motions are not the subject of the analysis).

At even higher excitation amplitudes ρ, chaotic
behaviour is observed in the frequency response dia-
gram, as shown by dark orange dots in the lower
three figures of Fig. 14. As the excitation frequency
increases, the chaotic behaviour shifts to higher ρ val-
ues, as shown in the three diagrams from right to left.

Regarding the amplitude cross-sections displayed
in the right column in Fig. 14, the chaotic behaviour
(indicated by dark orange dots) occurs at low frequen-
cies. As the excitation amplitude increases, this chaotic

Fig. 16 A hopping period for ρ = 0.45 and φ = 0.206.

behaviour shifts to higher frequencies, as illustrated in
the right column from top to bottom. The chaotic solu-
tions observed at both high excitation amplitudes and
low frequencies are not physical, as the upper mass
crosses over the lower mass, even going below ground
level.

Notably, in the φ = 0.188 frequency cross-section,
the period doubling behaviour also transitions to chao-
tic behaviour, referred to by light orange dots, while
decreasing the ρ value. In contrast to the chaotic
behaviours denoted by dark orange dots, here the
realised motion is feasible, since the masses do not
collide during motion. Interestingly, as the excitation
amplitude decreases even more, a period T̃ motion
occurs. A similar pattern is noticeable in the ρ =
0.25 amplitude cross-section, where a distinguishable
period doubling behaviour occurs for a significantly
large region φ ∈ [0.17, 0.186] prior to the onset of
chaos; however, no synchronisation ensues in this case
by further decreasing φ.
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Conversely, the frequency cross-sections at the bot-
tom row in Fig. 14 indicate that the system exhibits
quasiperiodic solutions at very low excitation ampli-
tudes, denoted by green dots. At higher frequencies, the
quasiperiodic behaviour shifts to higher amplitudes.

According to the frequency cross-section for φ =
0.207 two domains with a single period T̃ exist, specif-
ically within ρ ∈ [0.21, 0.32] and ρ ∈ [0.45, 0.63].
However, the LIM was not calculated for the latter ρ

range (as indicated by the gray area bordering region
B) because the masses collide during periodic motion
under those parameters, which we have categorized as
a non-designated operation. Therefore, no LIMvalue is
assigned for those periodic orbits. Nevertheless, there
were no collisions of the masses for smaller φ values,
although the LIM values are very small, as marked by
the blue area in Fig. 14. The maximum LIM value in
region A is 0.62, whereas in region B it is only 0.04.

At the φ = 0.203 cross-section diagram for ρ ∈
[0.24, 0.25], bistable behaviour is observed with single
and double T̃ periodmotions. The output of theDynIn
Toolbox at excitation amplitude ρ = 0.24 is shown in
Fig. 17. The value of LIM is represented by the magni-
tude of the red circles’ radius around the single period
orbit’s sampling points, indicating the projection of the
hyperspheres onto (z2, z′2). The DynIn Toolbox was
able to identify the period doubling solution, referred
to by blue dots. At the bistable region the dynamical
integrity is defined by the other attractor rather than the
collision of the masses.

Overall, the dynamical integrity is much larger for
the period-1 region A, as clearly visible in Fig. 14.
As φ increases, the occurrence of the quasiperiodic
behaviour shifts to higher ρ values, causing solutions
with a period T̃ to alsomove to higher excitation ampli-
tudes. Consequently, the period-1 regions are curved
along the ρ axis. Additionally, due to this shifting,
at the high-frequency end of the period-1 region A
the LIM is smaller. The reason behind this is the
curved nature of the region: for the higher frequen-
cies, the amplitude is also increasing for the period-
1 region A. Due to the higher ρ values, the distance
between themasses reduces during theperiodicmotion.
Therefore, a smaller perturbance is enough for caus-
ing a collision. Regarding the period-1 region B, the
masses undergo more significant oscillations and tend
to approach each other during motion. Therefore, the
distance between the lumped masses diminishes, as
discussed. Thus, due to perturbations, the likelihood

Fig. 17 Output for vertical hopping model at excitation param-
eters, ρ = 0.24 and φ = 0.203, where the system has bistable
behaviour. Solid black curve: examined periodic orbit; red tri-
angles: discretised points of the periodic orbit; grey area: pro-
jection of the hypertorus on the phase plane’s section (z2, z′2);
green dots: sampling points of converging trajectories, orange
dots: sampling points of non-converging trajectories; blue dots:
points of other attractor found by the algorithm

of mass collisions increases, thereby severely limit-
ing the dynamical integrity of the solution. In addi-
tion to the lower estimated LIM values, another draw-
back of region B is the nearby presence of the chaotic
domain, as opposed to region A, which is neighboured
by quasiperiodic and period-doubling domains. As a
result, perturbations in the excitation around this bor-
der may also trigger sudden, undesired behaviour.

5 Conclusions

A rapid algorithm, namely the DynIn Toolbox, was
introduced in [23] to estimate the dynamical integrity
of a system’s steady-state behaviour using the local
integritymeasure. The present study enhances the func-
tionality of the Toolbox by extending its applicability
to estimating the LIM of periodic orbits, particularly
for both autonomous systems and those subjected to
periodic excitation. For this purpose, the definition of
LIM was adapted to accommodate periodic orbits.

One of the strengths of the DynIn Toolbox is its
versatility. The iterative algorithm does not necessar-
ily require explicit equations of motion. Instead, it can
work with black-box models as long as trajectories in a
finite dimensional phase space can be generated, mak-
ing it a powerful tool for a broad range of applications.
The other key advantage of the DynIn Toolbox is its
speed, which makes it suitable for parametric analysis
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– a task that is nearly impossible with traditional BoA
analysis methods.

To facilitate precise computations, the Toolbox
offers a range of optional inputs. These include param-
eters such as the cell division density of the state space,
time-step size, and simulation tolerances.While default
values are provided for these inputs, fine-tuning them
is essential, as optimal configurations can vary signifi-
cantly depending on the specific system under investi-
gation. As discussed in Sect. 3.2, this may be necessary
for certain types of systems to ensure robust perfor-
mance.

In this study, the developed algorithm was show-
cased through various case studies. In particular, a
Duffing-van der Pol oscillator with a TMD and a wing
profile were investigated in Sect. 3, while a harmoni-
cally excited Duffing oscillator and a two-degrees-of-
freedompassive vertical hoppingmodelwere studied in
Sect. 4. Notably, the Toolbox can manage autonomous
and non-autonomous systems and is capable of han-
dling nonsmooth systems for both cases, as highlighted
in Sect. 4.1.1 and 4.2, respectively. We note that the
algorithm was not applied on systems with strongly in-
termingled BoA shapes, where basin erosion can play
a significant role; this remains a still unexplored topic,
which will be the subject of future studies.

The output of the LIM estimations of the DynIn
Toolbox aligns with the expectations based on bifur-
cation diagrams, assuming regular shapes in the BoA,
therefore validating the robustness and reliability of
the algorithm. The Toolbox proves to be convenient,
delivering fast dynamical integrity estimations. During
the analysis, trajectories are examined and classified
based on their behaviour as either converging or non-
converging regarding the investigated periodic orbit.
As more trajectories are identified, the computational
time required for each iteration shortens due to cell
subdivision and classification of the investigated state
space.

However, it is essential to note that parameter tun-
ing remains a potential bottleneck within the DynIn
Toolbox. Users should thoroughly examine the output,
especially concerning identified new attractors. When
convergence speeds are low, there is a risk that the Tool-
boxmay incorrectly classify equilibrium points or peri-
odic solutions, leading to inaccuracies in the results.
Additionally, if the BoA of another attractor is minor,
there is a chance that the algorithm overlooks it, since
the chance of choosing an IC within the BoA is min-

imal. To mitigate these risks, users can increase the
cell division density, time-step size, and cell repetition
numbers (a trajectory is assumed to have reached a new
attractor if it stays in or passes through the same cell(s)
at least a specified number of times), which can reduce
the risk of false identification. Conversely, increasing
the iteration steps provides a more thorough examina-
tion of the state space. However, this comes at the cost
of increased memory usage and longer running times.
Thus, achieving a balance between precision and com-
putational efficiency is important.

In conclusion, the DynIn Toolbox stands out as a
flexible and robust numerical algorithm that provides
valuable insights into the overall global dynamics,
specifically the dynamical integrity of various dynam-
ical systems through the estimation of the LIM. The
DynIn Toolbox is readily available for download,
accompanied by a comprehensive tutorial and example
problems to assist users in maximizing its capabilities.
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